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GPTII4JN RELIABILITY OF FOUR-SWITCH CIRCUITS 

S U! 9NRY , / 6 O 4 O  

A r e l i a b i l i t y  ana lys i s  has been made of t he  t e n  possible  ways 

t o  wire four switches between t w o  terminals ,  and t h e  r e s u l t s  have 

been reduced t o  a form such t h a t  the  most r e l i a b l e  configuration 

can be se lec ted  readi ly  i f  t h e  p robab i l i t i e s  of open and shor t  

c i r c u i t  f a i l u r e  a re  known. Four element redundancy was  inves t i -  

gated because t h i s  l e v e l  i s  necessary i n  order t o  achieve t h e  

required r e l i a b i l i t y  of missile ign i t ion  systems when consideration 

i s  given t o  the  f a c t  t h a t  real  switch elements such as re lays  and 

pressure switches have two nodes of f a i l u r e :  

on cormand and f a i l u r e  by operating prematurely. 

undertaken i n  order  t o  determine t h e  optimum c i r c u i t r y  f o r  t h e  

FJX ign i t ion  system, but  it is presented f o r  general  appl icat ions.  

f a i l u r e  t o  operate 

This work was 

Y U l - k O / i :  IiX!303UCTI OX 

T'ne success of many systems, present  missile ign i t i on  systems 

f o r  example, i s  l a r g e l y  dependent upon t h e  successful  operation of  

many re lays  and switches which cause t h e  completion o r  d i s rupt ion  

of  any nmber  of v i t a l  c i r c u i t s ,  I n  considering t h e  use of switches 

i n  any such system it i s  desirable  t o  use t h e  most r e l i a b l e  arrange- 

nent  possible .  

Associated with every normally-open switch i s  a probabi l i ty  

of f a i l t l r e  t o  a number of events t h a t  may cause it t o  f a i l  

and 
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t o  c lose  on comand. There is l ikewise a p robab i l i t y  of failure 

due t o  a nuo?ber of events t h a t  may cause it t o  c lose  prematurely. 

These p r o b a b i l i t i e s  w i l l  be  r e fe r r ed  t o  as Qo and Qs respec t ive ly .  

T h i s  paper w i l l  r e f e r  only t o  normally-open switches,but t h e  results 

a l s o  can be used fo r  normally-closed switcnes by merely redef in ing  

open and shor t  c i r c u i t  f a i l u r e s .  

I n  order  t o  i n su re  aga ins t  f a i l u r e  of  a system due t o  a 

switch failure, two switches may be used in s t ead  o f  one. Two 

i d e n t i c a l  switches i n  series provide redundancy f o r  a switch f a i l u r e  

due t o  premature c los ing  b u t  do not safeguard aga ins t  system failure 

h e  t o  a switch f a i l i n g  t o  c lose  on c o m n d .  On the o the r  hand, 

t hese  sarie two switches i n  p a r a l l e l  provide redundancy f o r  a 

switcn f a i l u r e  t o  c lose  on command, bu t  t h e  c i r c u i t  s t i l l  fails i f  

one of t h e  switches c loses  prematurely, 

There a r e  four  ways i n  which t h r e e  switches can be wired 

i n  s e r i e s ,  parallel, o r  se r i e s -pa ra l l e l  arrangements as shown i n  

Figure 1. 

redundvlcy f o r  30th of the above mentioned modes of f a i l u r e .  I n  

It i s  readily seen t h a t  none of  t h e s e  c i r c u i t s  provide 

order  t o  g e t  such a combination it i s  necessary t o  r e s o r t  t o  a 

coEbination of four  switches. There are only t e n  d i f f e r e n t  ways - 
i n  krhic'n four  switches can be wired between two te rmina ls ,  as shown 

i n  Figure 2. 

=I" t hese  t e n  combinations, only t w o  c i r c u i t s ,  numbered 5 and . 

10 i n  F i g w e  2 ,  provide complete redundancy f o r  both modes of failure. 
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i n  other  words, no one switch f a i l u r e  i n  e i t h e r  mode, can cause 

c i r c u i t s  5 and 10  t o  f a i l .  

t h a t  one of these  two c i r c u i t s  would be t h e  most r e l i a b l e  four- 

Because of t h i s  f a c t  it would appear 

switch system f o r  any s i tua t ion .  However, it i s  not  r e a d i l y  

a9pzrent whether any one of  t h e  other e ight  c i r c u i t s  is more 

r e l i a b l e  f o r  any given p r o b a b i l i t i e s  of failure, Qo and Qs. 

Therefore, the  object  of t h i s  inves t iga t ion  w a s  t o  compare a l l  

ten  configurations fo r  all values of  Qo and Qs ranging from 

t o  1.0.  T h i s  range i s  bel ieved t o  cover a l l  values encountered i n  

any cur ren t ly  used switches. 

Each of t h e  four-switch c i r c u i t s  may f a i l  i n  e i t h e r  of two 

wzjrs: one o r  more of  t h e  individual  switches may c lose  prematurely 

causing a short  c i r c u i t  across the system terminals ,  and one or 

nore switches may fail t o  clclse on command causing a l l  avai lab le  

paths across  t h e  terminals to remain open. The number and mode of 

ind iv idua l  switch f a i l u r e s  necessary t o  f a i l  t he  c i r c u i t  depends 

upon the c i r c u i t  configuration. 

Assuming t h a t  an open c i r c u i t  fa i lure  and a shor t  c i r c u i t  

f a i l u r e  a r e  rnutually exclusive events,  t he  t o t a l  p robabi l i ty  t h a t  

t h e  c i r c u i t  w i l l  f a i l  by e i t h e r  open o r  shor t  c i r c u i t  i s  

where - 
Qn - Qot + Qst 

Qat i s  the  probabi l i ty  t h a t  a l l  avai lable  paths across  t h e  system . 

t e rmina ls  renain open a f t e r  t h e  close command, and Qst i s  t h e  

p r o b a b i l i t y  of heving a shor t  c i r c u i t  develop across  the  terminals  

prior ts t h e  c lcse  comand. 
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The t o t a l  p robab i l i t y  o f  fa i lure  f o r  each of t h e  t e n  switch 

zrrct?gements then i s  found by andyzing  each c i r c u i t  f o r  series 

znd Garallel  paths and determininp Qot and Qst. 

are found by applying t h e  b a s i c  p robab i l i t y  laws governing series 

zrrc y n a l l e l  events.  ( I n  calculating: t h e s e  p r o b a b i l i t i e s  it was 

assuxied t h a t  a11 siritches are i d e n t i c a l ,  i .e . ,  a l l  have t h e  same 

9, and Q s ) ,  

l o r  t h i s  c i r c u i t  t o  f a i l  by open c i r c u i t ,  a l l  fou r  switches must 

f e i l  t o  c lose on comand. 

These p r o b a b i l i t i e s  

For example, c i r c u i t  6 has a l l  fou r  switches i n  p a r a l l e l .  

The p robab i l i t y  of t h i s  i s  

Qot = (a,) (Go)  (Qo) (Qo) = Q.0 4 

For this c i r c u i t  t o  f a i l  by shor t  c i r c u i t ,  only one of t h e  switches 

has  t o  close prematurely. 

- 
The p robab i l i t y  of t h i s  event i s  

- (Qs + Qs - Qg) + (Qs + Qs - Qs) 2 

= (4Qs - 6 ~ :  + 4Q: - Qs> 4 
- (Qs + Qs - Qst - 

T' LCUS t h e  t o t a l  p robab i l i t y  of f a i l u r e  o f  c i r c u i t  6 i s  

a6 = QOt + Q,t = ( Q k  + 4QS - 6Qs 2 + 4Qs 3 4  - Q,) 
';"ne equations f o r  each of t h e  t e n  configurat ions,  derived i n  

the ebove Eanner, are presented i n  Figure 2. 

PFOCZDLIJE 

I n  order  t o  cornpire t h e  p robab i l i t y  of f a i l u r e  of a l l  t e n  

c i r c u i t s ,  Qo was assigned values from t o  1.0 i n  f a c t o r s  of t en .  
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For each value of Qo, 4, vas varied from 

t e n  f o r  each c i r c u i t .  

tie,-e dcterrpined wi th  t h e  a i d  of an IBM 1620 computer. 

t o  1.0 i n  f a c t o r s  of 

The values of  Qn f o r  a l l  of these po in t s  ' 

kr-alysis of t h e  computer data showed t h a t  one c i r c u i t  proved 

n o s t  r e l i a b l e  f o r  a. c e r t a i n  range o f  values of Qo and Qs up t o  a 

p o i n t ,  a d  then another c i r c u i t  would appear t o  be t h e  most r e l i a b l e  

f o r  a range of values.  

Figure 3 shows t h a t  t h e r e  are  boundaries between c i r c u i t s  

i 3, 3 and 5 ,  5 a d  10 ,  1 0  and 8, and 8 and 6. 

boundaries l i e  regions i n  which one c i r c u i t  i s  more reliable than  any 

o ther  c i r c u i t .  

r e l i a b l e  c i r c u i t  f o r  given values of QO and t h e  r a t i o  Qo/Qs.  

I n  between t'nese 

Figure 4 i s  a sirnilax diagram showing t h e  most 

n-7 r.d3L&TLITS 

The r e s u l t s  show t h a t  t h e r e  w e  ranges of values of Qo and Qs 

where any GX of s i x  of t he  c i r c u i t s  i s  t h e  most r e l i a b l e ,  although 

c i r c u i t s  5 and 10 are  best f o r  t h e  l a r g e s t  majority of cases. This 

wzs zn exgected r e s u l t  s ince  these  c i r c u i t s  are t'ne only ones i n  

vhick no one switch f a i l u r e  can cause c i r c u i t  failure. It i s  

interesting t o  note t ha t  when Qo equals QS f o r  the switches,  both 

circzi-cs 5 a d  13 are  equally r e l i a b l e  and e i t h e r  i s  b e t t e r  than any 

or' t h e  other confi,qurations. I n  t h i s  case ,  c i r c u i t  5 would probably 

be chosen because it involves less wiring than c i r c u i t  10. 
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Since most a l l  switchine devices w i l l  not  have r a t i o s  of 

Qo& o r  Q,/$, over 100, the  area of prime i n t e r e s t  i n  FiRure 4 

is t h e  hatched-in area. It ?.s seen t h a t  t h i s  area i s  made up 

predominantly of cases where c i r c u i t s  5 and 10 are t h e  most reliable. 

However, it includes some cases where c i r c u i t s  1, 3, 6 and 8 

are best, and these  c i r c u i t s  should be used i n  these  cases. 

example, suppose Qs = 0.01 and Qo = 0.158. 

correspond t o  f a i l u r e  rates of  Zo = 170 failures per mil l ion hours 

and Zs = 10 fai lures  per  m i l l i o n  hours f o r  a mission time of 1000 

hours,  usin8 t h e  exponential  failure l a w .  

c i r c u i t  8 is  t h e  most reliable c i r c u i t  in t h i s  case. 

For 

These f igures  would 

F i w e s  3 and 4 show t h s t  

It was found t h a t  f o r  every combination of  Qo and Qs c i r c u i t s  

2 ,  4 ,  7 and 9 were always less r e l i a b l e  than some other  c i r c u i t .  

CONC uISIOIC3 
* 

In summary, the  results of t h i s  repor t  show t h a t  there are 

t e n  possible  ways i n  which t o  arrange four  switches i n  series, p a r a l l e l ,  

o r  s e r i e s -pa ra l l e l  combinations. No one combination i s  best for all 

poss ib le  cases ,  but t he re  are cases where, for  given values of 

Q,, and Qa, any one of s i x  of the  combinations could be the  best system, 

For very small % and Qs, circuits 5 and 10 are general ly ,  but not  

exclusivel;yl, better, c i r c u i t  5 being best when Qs>&o, and c i r c u i t  10 

being b e s t  when Qs<Q,,. When Q,>>Qs, c i r cu i t  6 is general ly  best, 
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snd when Q >> Q c i r c u i t  1 i s  generally bes t .  

regions of values  of  Q0 and QS where c i r c u i t s  3 and 8 a r e  bes t .  

However, t h e r e  are 
S 0’ 

So, i n  order  t o  determine the  nost  r e l i a b l e  arrangement of 

fou r  switches,  it i s  necessary only t o  determine Qo and Qs, and 

e n t e r  Figure 3 with these  values.  

po in t s  w i l l  l i e  i n  z region def ining t h e  most r e l i a b l e  of t h e  t e n  

poss ib le  switch configurat ions.  

The i n t e r s e c t i o n  of t hese  two 
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Q0 - Dro'3zbility of f 'ailure of a switch due t o  i t s  f a i l u r e  t o  
c lose on coro-end (open c i r c u i t  f a i l u r e ) ,  

0.s - Probabi i i ty  of  f a i l u r e  of  e switch due t o  i t s  closing 
prematurely ( s h o r t  c i r c u i t  f a i l u r e ) .  

9 - Proba3i i i ty  t h a t  a four-switch c i r c u i t  w i l l  f a i l  due t o  i t s  Ot; 
failure t o  c lose on command. 

,Gst - Pi-obzSility t hz t  a four-switch c i r c u i t  w i l l  f a i l  due t o  a 
shor t  c i r c u i t  scross  the  conbination. 

- Probzbi i i ty  t h s t  t h e  four-switch c i r c u i t  number n w i l l  f a i l  - Qn 
by e i t h e r  open or shor t  c i r c u i t .  

I 



Figure 1. All poss ib le  arrangements of three switches, 



FIGL'RE 2 
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Q,5=4?, -6Q , *+4Q 3- Q 4+Q 04 

7, -El-- 
Q7= Q,+3Qs2-3QS3+Qo3+Qs4-Qo4 

NASA-LANGLEY 
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